The Critical Locus for Complex Henon Maps. 

Tanya Firsova 
Abstract 

We give a topological model of the critical locus for complex Henon maps that are 
perturbations of the quadratic polynomial with disconnected Julia set. 
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(N 

X) ' 1 Introduction. Foliations. 

D 

^ ■ The family of Henon mappings is a basic example of nonlinear dynamics. Both real and complex 
versions of these maps were extensively studied, but still there is a great deal of unknown about 
them. 

C/^ i In this article we study complex quadratic Henon mappings. These are maps of the form: 

q 

^ ■ fa{x 



+ c — ay 

X 

Note that these maps are biholomorphisms of C^. They have constant Jacobian, which equals 
to the parameter a. As a — )■ 0, Henon mappings degenerate to quadratic polynomial maps 
X 1-^ + c, which act on the parabola x = y'^ + c. The Henon mappings that we study are 
! perturbations of quadratic polynomials with disconnected Julia set. 
CN \ In analogy with one-dimensional dynamics, Hubbard and Oberste-Vorth [HOV94] intro- 

^ ' duced the functions and G~ that measure the growth rate of the forward and backwards 
^ ■ iterations of the orbit. These functions are pluriharmonic on the set of points U'^ , U~ , whose 
O ' orbits tend to infinity under forward and backwards iterates. Their level sets are foliated by 
Riemann surfaces. These natural foliations J-"^ and J-"" were introduced and extensively studied 
in |H()V94] . 

The foliations J-"^, J-J can also be characterized in terms of Bottcher coordinates. There are 
rN ■ maps 0a,+ and 0a,_ that semiconjugate the map fa and the map to z and z z^/a 

d • correspondingly. These functions were constructed in |HOV94j . We recall the definitions of 
these functions and list their properties in Section HI The level sets of 0a,+ and (j)a- define J-"^ 
and J-"" in some domains near the infinity and can be propagated by dynamics to all of 
and correspondingly. 

The dynamical description of these foliations is the following: 

Lemma 1.1 ( |BS98aj ). The leaves of are "super-stable manifolds of oo" , i.e. if Zi,Z2 
belong to the same leaf, then d{f^{zi), f"{z2)) — > super- exponentially, where d is Euclidean 
distance in C^. If zi,Z2 G do not belong to the same leaf, then d{f2{zi), f2{z2)) -/^ 0. 

The leaves of J^^ "super-unstable manifolds of oo" . 

One would like to think of these foliations as coordinates in f/+nf/~. However, for all Henon 
mappings there is a codimension one subvariety of tangencies between and |BS98a] . 

Definition 1.1. The critical locus Ca is the set of tangencies between foliations J^^ ^'^^ -^a ■ 
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Thus, the critical locus is the set of "heteroclinic tangencies" between the "super- stable" and 
"super-unstable" manifolds. 

We give an explicit description of the critical locus for Henon mappings 

{x,y) (x^ + c-ay,a;), 

where x"^ + c has disconnected Julia set, and a is sufficiently small. The topological model of the 
critical locus for such Henon maps was conjectured by John Hubbard. We justify his picture. 
Lyubich and Robertson ( |LR] ) gave the description of the critical locus for Henon mappings 

{x,y) ^ {p{x) - ay,x), 

where p{x) is a hyperbolic polynomial with connected Julia set, a is sufficiently small. They 
showed that for each critical point c of p there is a component of the critical locus that is 
asymptotic to the line y = c. Each component of the critical locus is an iterate of these ones, 
and each is a punctured disk. 

They used critical locus to show that a pair of quadratic Henon maps of the studied type, 
taken along with the natural foliations, gives a rigid object. This means that if a conjugacy 
between two Henon maps sends the natural foliations of the first map to the natural foliations of 
the second map then the two Henon maps are conjugated by a holomorphic or antiholomorphic 
affine map. 

Since the work of Lyubich and Robertson |LR] is unpublished, we include the proof of all 
the results that we are using. 

Some of the sources of the fundamental results about Henon mappings are |BLS93] . |BS91a] . 
|BS91bj . [B592] . |BS98a] . |BS98bj . pS99] . |HUV94] . |HUV95] . |FM89] . [Fg92] . 
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The author is grateful to Mikhail Lyubich for statement of the problem, numerous discussions 
and useful suggestions. We are thankful to John Hubbard for showing the conjectural picture 
of the critical locus. 

2 Topological model for the critical locus. 

In our case truncated spheres serve as building blocks for the critical locus. Consider a sphere 
S and a pair of disjoint Cantor sets S, f2 C S". The elements of S, Q can be parametrized by 
one-sided infinite sequences of 0, 1's. Denote by (Ta & T,, Ua & ^ elements parametrized by a 
sequence a. 

Let an be a n-string of O's and I's. For each a„, G NU {0}, take a disk Va„ C 5'\ (S U fl) 
with the smooth boundary. (Let V denote the disk that corresponds to an empty sequence.) 
We require that Va„ are disjoint. Moreover, Va„ converge to (Tq,, where a„ is the string of the 
first n elements of a. 

Ua„ play the same role for fl as for S. 

We assume that there is a fixed homeomorphism h between the boundaries of Va„ and ?7a„. 
Let p e S" be a point. 

We say that S'\ (S U ^7 U [Ua„ U Va„] Up) is a truncated sphere. 
Note that all truncated spheres are homeomorphic one to another. 
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Figure 1: The geometry of a truncated sphere 

Theorem 2.1. Suppose + c has disconnected Julia set. There exists 6, such that V|a| < 5 
the critical locus of the map 

J. f X \ _ f x^ + c — ay\ 

^'\y)~\ - ) 

is smooth, and has the following topological model: take countably many truncated spheres 
Sn, n G Z, and glue the boundary of Va„ on Sk to the boundary of Ua„ of Sn+k using the 
homeomorphism h. Map fa acts on the critical locus by sending Sn to 




Figure 2: The topological model. 



Note 2.1. It is easy to see that the topological model of the critical locus is well-defined up to 
a homeomorphism. 
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3 Strategy of description. 



When a = 0, the Henon mapping reduces to 



X \ I x"^ + c 



y J \ X 

which is a map x t— )■ p{x) acting on the curve x = p{y). 

As a —7- the map degenerates, but the fohations and the Green functions persist and 
become easy to analyze. 

In Section m we study (j)a,+ and (f>a-, paying extra attention to the degeneration as a ^ 0. 

Section [5] is devoted to Green's functions. We prove that and G~ depend continuously 
on x,y and the parameter a. 

In Section [HI we describe the foliations J-'j" and and the critical locus C in terms of 
and (pa,-- We also calculate the critical locus in the degenerate case. As a deviates from zero, 
we carefully describe the perturbation. The latter is done in several steps: 

First, we choose appropriate values r and a and describe the critical locus in the domain 



= {G^ < r} n {\y\ <a}n {\p{y) - x\ > \a\a}. 




Figure 3: Domain Q., 



We choose r that lies between the critical point level and critical value level: 

G'p(O) < r < Gp(c), 

where Gp is the Green function of polynomial p. 

We choose a such that |{|a;|>Q:,|a:|>|yi} > Moreover, in Section [9] we choose a such that 
leaves of foliation J-"" in Qa form a family horizontal of parabolas. 

In Section [10] we give a description of the foliation in 

{Gt<r}n{\y\<a}. 
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*■ X 



X = p-"'{0)x = p-\0) x = p~\0) x=p-\0) 
Figure 4: The foliation 



We show that the local leaves of J-"^ are either vertical-like or vertical parabolas. There is 
exactly one family of vertical parabolas (see Fig. corresponding to each line x = ^k, where 
P°H^k) = 0. 

The critical locus in Qa is the set of tangencies of a family of horizontal parabolas with 
vertical-like leaves and vertical parabolic leaves. In Section [11] we show that for each family of 
parabolas there is exactly one handle. 

In Section [7] we show that foliations and J-'~ extend holomorphically to x = oo. We 
show that a point (0, oo) belongs to the extension and calculate the tangent line to the critical 
locus at this point. This gives us a description of the critical locus in 

{\y\ <e}n {\x\ > a}. 

In Section [12] we show that the critical locus can be extended up to a|a|-neighborhood of 
parabola p{y) — x = const along y = 0. 

In Section [T^] we combine the results from the previous sections to get the description of 
the fundamental domain of the certain component of the critical locus. We rule out ghost 
components. We also do a dynamical regluing of the fundamental domain of the critical locus 
to obtain a description in terms of truncated spheres. 



4 Functions 0^ + and (j)a- 

In this section we construct functions 0^,+ and 0a,-- In their description we follow |HOV94] . 
In description of the degeneration of 0a,+ and (pa - as a — )■ 0, we follow |LR] . 

4.1 Large scale behavior of the Henon map 

The study of Henon mappings usually begins with introduction of domains V+ and V- which 
are invariant under the action of Henon map: 
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Moreover, one requires that every point that has unbounded forward orbit eventually enters 
V+ and every point that has unbounded backward orbit enters V-. 
Fix i?, < r < 1, and choose a so that 



2, +^^<r dai) 
\y \ \y\ 

\p{y)\ > {2R+l)\y\ (il2) 



for all \y\ > a. 

Consider the following partition of : 



y+ = {ix,y) : \x\ > \y\, \x\ > \a\}; 



V_ = {{x,y) : \y\ > \x\, \y\ > a}; 



W = {{x,y) : |x| < a, \y\ < a}. 




Figure 5: The crude picture of the dynamics of fa 



Lemma 4.1. For a G Dji, /a(V+) C V+. 

Proof. \p{x) — ay\ > \p{x) \ + \a\\y\ > {2R + 1 — R)\y\ > \y\ 

\p{x) - ay\> {R+l)\y\>a □ 

Let 




Lemma 4.2. f/+ = Un /a-"(^+); 

Proof. Let (x) — )■ oo. For some n, /"(a;) G V+ or (x) G 

Suppose that for all n > riQ {xn,yn) £ V-. Note that \yn+i\ = \xn\ < \yn\- Sequence {|2/n|} 
is decreasing. Contradiction. □ 
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Lemma 4.3. For a E Dr fa^{V-) C 
Proof. > \lE±lMtM > 

\a\ — IWI — I I 

Lemma 4.4. = U„/^(V_). 

Proof. The proof is the same as in the previous lemma. □ 

4.2 Function + 

The function 0^ _|_ is constructed as the hmit 

(f)a.+ {x,y) = hm |xn|2^. 

n— >oo 

with the appropriate choice of the branch of root. We are particularly interested in this function 
in V+. Sense is made of the above limit using the telescopic formula 

hm xexp (^-log - + ■ • • + - log-2- + . . . J . (1) 



ra— )-cxD 



Lemma 4.5. The function (j)a.+, defined by formula (QP, is well-defined and holomorphic for 
all {x,y) G V+ and all a G -Dr. Moreover, there exists B so that 



< B. 



X 

Proof Let s+ = 1. By property fjilT]) . < r. 

log -f^ = log(l + s^) is calculated using the principle branch of log. Therefore, the series 

l^og^ + --- + ^log^ + ... (2) 
2 2" 

converges absolutely and uniformly. Since I log I < — ^"^li"^** , the infinite sum (I2|) is no 

bigger than — log B = — log(l — r). 

The final claim follows immediately from the expression ([1]) and the bound derived for the 
series □ 

We show that 0^,+ ~ a; as x — )■ oo in Section [71 
Let = {{x,y,a)\ f^{x,y,a) G y+,a G 

Lemma 4.6. The function 0^"^ extends to a holomorphic function on I^n,+ given by 0^"^ = 
0a,+ o Moreo^;er, 02"_^(x,?/) = 

Proof. The function 0^"^ is holomorphic by definition. 

As a — )■ the Henon mappings degenerate to a one- dimensional map x — )■ p{x), acting on 
y = p{x). Therefore, 0o,+ (x,?/) = bp{x) on V+, and (f)l"+ix,y) = b'^ (x) if f^ix^y) G □ 
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Note that 



Kq — Jq — Jp X C, 
U+ = UpXC, 



where Jp is the Juha set for the one- dimensional map x h> p{x); Up is the set of points, whose 
orbits escape to oo under the map x p{x). 



4.3 Function 



'a, 



We start by working the leading terms of ?/_„ as a polynomial in y and as a polynomial in i. 
The following notation simplifies the statement of the result: 

dfc = 1 + 2 + ■ ■ ■ + 2^-1 for /c > 1 and = for < 0. 

By an easy induction we get: 

Lemma 4.7. The leading term of y^n{x,y,a) considered as a polynomial in y is y^"/a°"". The 
leading term of y^n considered as a polynomial in ^ is -^{p{y) — x^" . 

We define the function _ limit 

= lim(|/_„oa"")2^ (3) 

n— >oo 

with an appropriate choice of branch of root. Note that the factor a'^" is chosen, so that the 
leading term of polynomial in y, is y^ . 

Let D*j, = Dr\{0}. 

Sense is made of the limit in V- x using the telescopic formula: 

(pa,-{x, y) = lim exp (J log + ^ log + . . . ) (4) 

Lemma 4.8. The function (pa-, defined by formula ^ is well-defined and holomorphic on 
V- X Moreover, there exists B so that 



< 



y 



< B. 



Proof. Let 



C-X_(„_i) 



y 



-(n-l) 



Note that |s„ | < r for (x, G VI, a G D*^. 

We evaluate = log(l + s~) using the principle branch of log. 

y-(n~l) 

Since log(l + s~) < — log(l — r), the series 

1 ay_i 1 ay_2 
2^°^^+2^^ + --- 

converges uniformly and absolutely to a holomorphic function bounded by — log(l — r). Letting 
i? = (r — 1)^^, the last statement of the Lemma follows. □ 

We show that (pa - ~ y as y — )■ cxd in Section [71 

The next lemma states that one can extend (pa - to a holomorphic function on V- x Dr. 
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Lemma 4.9. (j)a- = {p{y) — x) 2 + ah{x, y, a) for some holomorphic function honV^x Dr. 

Proof. By Lemma [4.71 the leading term of as a polynomial in - is -^{p{y) — x)^" \ Since 
x_n = y-(n-i)- The leading term of polynomial in ^ is the leading term of 

Recall s~ = . It follows that s" is a polynomial in a and it vanishes in a to the 

f-(n-l) 

order 2cr„_i — o"„_2. Hence the series ([S]) takes the form 

2 

where g{x,y,a) is a holomorphic function on y+ x D^. 

By dl]), (j)a~{x,y) = yexp ^|log^)j exp(a(7(a;, a)). The conclusion follows. □ 

Let 

Cip) = {p{y) -x = 0} 
Domain faiV-) swells to C^\C(p) as a — )■ 0. 

Lemma 4.10. For {x,y) G C'^\C{p) we have {x,y) G faiV-) for all sufficiently small a. 
Moreover, for all K d C'^\C{p) =^ K (£ fa{V-) for all small enough a. 

Proof. Both statements follow from 

faiV^) = {\piy) -x\> \a\a, \p{y) - x\ > \a\\y\}. 

□ 



= {{x, y, a) I (x, y) G f^iV.), a ^ or (x, y) G C'\C{p), a = 0}. 

Lemma 4.11. The function (f)'^_{x,y) extends from a holomorphic function on x to 
'D_ n, by letting 

1. (f)l"_ = a'^-(j)a,-of-- foray^O; 

Proof. If a 7^ 0, then we can extend the function (pa,- to be holomorphic by defining = 
a'^'^cpa - ° /qT"- This agrees with on V^_. 
By Lemma [4.91 

= a""0a,_ o = a""(p(?/_„) - x_„)^ + a""+i/i(x_„,?/_„,a) (6) 
By Lemma 14.71 the leading term of as a polynomial in ^, is ^'P^y^~f'^ — . Since x_„ = 

the leading term of X—n as a polynomial in ^ is ^ (."n-i — • Thus of'" {p{ii—n) — ^—n)^ 
is a polynomial in x, a and the only term free in a is {p{y) — x)^" \ 

By the same argument the function a'^"h{x^n, y-n, cl) is holomorphic in (x, y, a) on V-^ x Z}j:j. 
Therefore, a'^'^'^^h{x^n,y-n,CL) vanishes in a. 

Thus, = — x)^" +ahi{x,y,a). □ 

We denote and Jg" to be C{p). We set {/q" = C'^\Jq . The previous two statements justify 
these notations. 
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5 Green's functions 

The next two lemmas are from |HOV94] . We provide the proof of Lemma 15.11 to make the 
paper self-contained. 

Lemma 5.1. The function 

Gt{x,y)= hm log+|/:(x,y)| (7) 
is well-defined in x Dji. It satisfies the functional equation 

GtUa)=2Gt. (8) 

Moreover, it is pluriharmonic in . 

Proof. We define, the function = log|0a,+ | on V-^. We use the functional equation ^ to 
extend it to . We also set y) = for (x, y) E J^. G^, defined this way, is pluriharmonic 

in V^, since it is a logarithm of a holomorphic non-zero function 0a,+- It is pluriharmonic in , 
since for each n, on /~"(V"+), is a pull-back of a pluriharmonic function by a holomorphic 
change of coordinates. 

Moreover, notice that the function defined this way satisfies ([7]) and there is a unique 
function that satisfies ([7]). □ 

Lemma 5.2. The function 

G-{x,y)= hm |/--(x,2/)| + log|a| (9) 

n— >oo 

is well-defined in x D*^^. It satisfies the functional equation 

G-ix,y)of-=2G--\og\a\. (10) 
Moreover, it is pluriharmonic on U~ . 

Equation (fTOj) is sometimes more conveniently written 

(G,--log|a|)o/-i = 2(G;-log|a|). 

We set 

Hubbard & Oberste-Vorth proved that the Green's functions are continuous when fa is 
non-degenerate and the same argument gives continuity in x, y and a for G^ when a = 0. 
Lyubich- Robertson |LR j extend this to G~ when a = 0. 

Lemma 5.3 ( |LR] ). The functions G^{x,y) and G~{x,y) are continuous in x,y and a for 
a e Dr. 
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Proof. It follows by the same argument as is used in |HOV94j except in the case of G~ when 
a = 0. For {x',y') ^ C{p) the continuity of G~ at {x',y') and a = follows from Lemma [4.11[ 
For {x',y') G C{p) more work is required. If we restrict to the slice a = 0, then we have 
shown continuity, so we will assume for most of the rest of this proof that a ^ (so is 
defined) . 

Let us fix M > 0, and find a neighborhood U of (x', y') so that for all (x, y) E U, G^{x, y) < 
-M 

If (x, y) E , then it is enough to require that \a\ < e^^^ . 
If {x,y) G , then /""(x, G V- for all n > uq. 



If fa"-{x,y) G VI, then by Lemma HH] < 
Therefore, (x, < ^ log 5 + ^ log |a'^"?/_„ 



<f>a-{^-n,y-n) 



< B. 



y-n = ^ (p(l/-(„-i)) - y-{n-2)) for n > 2. (12) 

P(l/) - X 

2/0 = 2/, y-i = 

a 

We wish to estimate a""y-n in terms of and 

It is convenient to introduce a new variable = a'^^y^n and a notation p ( x , y) = y'^ p 
In these new notations the recurrence relation (I12p takes form 



p(^_(„_i), a'^"-) - a'^"-'^"-^-i;2„_2, (13) 



-(n-l) 

where zq = y, z^i = p{y) — x. 

< 2max(|p(z_(„_i)|, H"^-^), |ap"+2""'~^|2;„_2|) 

Using the estimate p(x, y) < C max(x^, a^), where C is a constant, we get 

< 2max(|^!(„„,)|, |ap--, |ap"+2"-^-i|^„_2|) 
Consider a neighborhood 

f/(e) = {(x,y, a)| b(y) - x| < e^, \a\ < min(2Ce^ i), |a||y| < Ce^} (14) 

By induction one can show that if {x,y,a) G U{e), then < (2C)'^"e^". 
Therefore, for (x, y, a) G f/(e) 

G;(x,y,a)<log(|2C|e) (15) 
Therefore, for small enough e, G~{x,y,a) < —M. 

Intersecting f/(e) with the e~*^-neighborhood in a-variable, we get the desired neighborhood. 

□ 

6 Description of the foliations and the critical locus in 
terms of 0^ + and 

Note that 
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GU^^y) = iog|0a,+(a^>y)l; 

Therefore, the fohation (j)a,+ = const on V+ is exactly J-"^. It can be propagated by dynamics 
to the rest of 
The same way, 

Ga{x,y) =log|0a_(a;,7/)|. 
The fohation (pa - — const on V_ is T~ and it propagates by dynamics to U~ 

= {ix,y,a)\ a G DR,{x,y) E U;^} 

Below we show that the critical locus is defined by a global holomorphic form on r\U~ . 
Therefore, it is a proper analytic subset ofU^ nU~. 

The forms d log 0a,+ and d log 0a,+ are well-defined and holomorphic in and U" corre- 
spondingly. 

Critical locus C is given by the zeroes of the form 

w{x, y, a)dx A dy A da = d log A d log 0^ _ A da 

that is holomorphic in ClU^. When we prefer to think of w{x,y,a) as a function of two 
variables we use the notation Wa{x, y) = w{x, y, a). 
Let Cao —Cr\{a — oq}. 

We recall a definition of a proper analytic subset: 

Definition 6.1. A is a proper analytic subset of a complex manifold M, if for every point 
X e M, there exist a neighborhood U and a set of functions fi, ■ ■ ■ , fn so that 

/l = • • • - /n = 

define A in U. 

Lemma 6.1. C is a proper analytic subset ofU^ nU~. 

Proof. C is defined by the zeroes of the form that is holomorphic in n U~ . □ 
6.1 Degenerate critical locus. 

As a — )■ the Henon mapping degenerates to {x, y) i— >■ (p(x),x). The foliation J-'^ is defined by 
the form d(f)a^+ on U^. Note that d(j)a,+ 7^ on for a G -D|j. Therefore, the foliation J-"^ for 
a e D}^ is nondegenerate. The liming foliation J^q is degenerate. It has double leaves. 

Below we explain what it means for the foliation to have a double leaf. 

Recall that — J2n fa"'(^+)^ each the foliation is defined by the level sets 

of the function (|>'^_^_. 

Suppose that a foliation J-" in i7 C is defined by the level sets of a function 0. Suppose 
that in a neighborhood of each point {x,y) one can choose local coordinates {u,t), so that 
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Definition 6.2. We say that a leaf L of the foliation T is double if in a neighborhood of a 
point {x,y) G L, cf) = . 

Note 6.1. The definition depends on the defining function cj) and does not depend on the choice 
of the local parameter u, nor on a point (x, y) ^ L. 

Lemma 6.2. The foliation J^q in Uq is a vertical foliation x = const with leaves x = p~'^(0) 
being double for all k > 0. 

Proof. For each point Xq there exists n, such that in a neighborhood of the line x = Xq the 
fohation is determined by the level sets of the function 00"+- 
Since (f)l"_^_{x , y) = bp"{x), the fohation is vertical. 

The multiple leaves appear when [bp")' (x) = 0. {bp")' (x) = if and only if ( x ) = . 
Moreover, all zeros of are non-degenerate. Therefore, all the leaves x = p~"(0) are 

double. □ 

The foliation in U^a for a G -D|j is defined by the form d(j)'^_. By Lemma 14.101 as a — )• 0, 
swell to C^\C(p). The form d(j)a,- extends to C^\C{p) as a holomorphic form. Let J-'q 
denote the limiting foliation defined by the form (i0o,-- 

Lemma 6.3. The foliation J^q in Uq consists of the leaves {p{y) — x = const}. 

Proof. By Lemma 14.91 0o,- = p{y) — x and is defined in Uq . The statement of the Lemma 
immediately follows. □ 

Corollary 6.1. Co = [{y = 0} U Ja; = p-'iO)}] n U+ n 



— f{ 




7+ 

^0 








Jo 


X = p" 


K 


0) X 


—1 

= p 


;o) x = 


p-i(O) X 


= J9-'"(0) 



Figure 6: The degenerate Critical Locus 



7 Critical locus near infinity. 

The goal of this section is to calculate the critical locus at a neighborhood of x = oo in the 
compactification of given by CP^ x CP^. 

First, we extend the foliation to the line x = oo in CP^ x CP^ compactification of C^. 

Let 
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V+ = {{x,y) e CP^ X CP^I {x,y) e V+ or {x = oo,y oo}} 



Lett = ^,v = i. 

y 



Lemma 7.1. The function extends as a holomorphic function to x Dji 

dhi 
dy 



Moreover, t(f)a,+ = 1 + thi{t,y,a) , ^ = uhi{t,y,a). 



Proof. By the Riemann Extension Theorem, can be extended to x = oo. 

Note that the functions and vanish in t for all k. Thus, in the sum (|2]) every term 
vanishes in u. Therefore, the infinite sum vanishes in u as well. And = 1 + thi(t, y, a), 
where hi is a holomorphic function in t, y, a. The same way one proves, ^ = thi{t, y,a). □ 

V- = {{x,y) G CP^ X CP| {x,y) e V- or {y = oo,x oo}} 

Lemma 7.2 ( |LRj ). The function extends holomorphically to V- x Dr- Moreover, v(j)a- = 
1 + vh2{x,v,a), ^ = vh2{x,v,a). 

Proof. The proof is the same as in the previous lemma. □ 
In n T>i _ the critical locus is given by the zeroes of the form 

u = d(j)a,+ A d(j)1 _ Ada 
For the next lemma we fix (t, y)-coordinates in V+. 

Lemma 7.3. The critical locus extends holomorphically to ^V"+ x D^j fl I^i,-. The point 

(0, y, a) E CaHV-^n Pi,- iff y = 0. The tangent line to the critical locus at (0, 0, a) is given by 
2dy + Cdt = with C depending on a. 

Proof. 

dt dhi , dhi . dhi , 1 / ^ ^^hi , o~ , o^^^i > 
d(pa,+ = --^ + -Q^dt + -^dy + -^da = — 1-1 + t -g^dt + fhidy + t -g^da 



Ka^^ y) = ° J a y) = ( 2/' — - — ) = — I — + ^^2(y, ^^^^y3Y> 

^1/ - 1)2 9v 'tp{y)-l) 



tp{y) - 1 {tp{y) - 1)2 



9f 



(it + h3(t, y, a)da, 



where h3{t,y,a) is some holomorphic function in t,y,a. 
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By Lemma = vh,. Hence = Thus, there are 

holomorphic functions /14, on so that 

d(t)a- = {p'{y) + t/i4(^, o))dy + (^/i5(^, 1/, o))dt + /i3(t, a)c^a 

Therefore, there exists a holomorphic function on ^t^^ x j fi "Di^. so that 

ut^ = {p\y) + t/i-e) dy A dt A da 
Conclusion follows. □ 

Corollary 7.1. Fix e. There exists 6 so that for |a| < 5 the critical locus in 

{\y\ < e}n{|x| > a} 

is the graph of a function y{x). 



8 Horizontal and vertical invariant cones. 

8.1 Horizontal cones. 

Fix a domain B. 

Definition 8.1. A family of cones Cx in the tangent bundle to B is fa-invariant iff for any 
point X E B, such that fa{x) G B, we have dfaiC^) U Cf(^x)- 

Lemma 8.1. Fix r' > r and /3. For every C < min{x : Gp{x) < ^} there exists S such that for 
all \a\ < 6 the family of horizontal cones \C, \ > C\ri\ is fa-invariant in {Ga{x,y) < r'}r\{\y\ < f3} 
(where (^,77) G T(x,y)C'^)- 

Note 8.1. Note that we chose the box {Ga{x,y) < r'}r\{\y\ < f3} so that the tip of the parabola 
does not belong to the box. This allows us to have an invariant horizontal family of cones. 

Proof Dfa{x,y) = (^f^ q ^ 
We want to find C such that 

> C\r]\ \2x^ + ar]\ > C\^\. 
Take C = min(2a;) — e, where bp{x) < ^ and e is any number. Then 62 = emax(2x). □ 

8.2 Vertical cones. 

Lemma 8.2. Fix r' > r, a, C . There exists 5 such that for all \a\ < 5 the family of cones 
\i\ < C\a\\ri\ zs f-^-znvarzant in {G+{x,y) < r'} fl {\y\ < a}, (^,77) G T^x,y)C^- 
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Proof. Df-' 



1 

a a 



Let 



6 j _ / 1 \ f ^ 

\a\ 



1 2v , , 

m \ —- — \ V 

/ \ a a / \ I 



|-f+2l/l 

Suppose (x, = f^^{u,v), where {{u,v)\ G^{u^v) < r', |t>| < |a|}, then \y\ > Ci. 
Therefore, when |a| < 5, |2?/ — ^| > |Ci| □ 

9 Description of . 

In this section we give a description of in 

W n {\p{y) - x\> \a\a). 

We choose a in the definition of W such that the description of is especially nice. 
The function 0^ _ is well-defined in this region, so it is natural to expect that the foliation 

= {'Pi,- = const} 

is close to the foliation 

^0 = {(1^1- = Piy) - x = const}. 
The only region where it really needs to be checked is when we approach a|a;|-neighborhood of 
Cp. 

We also prove that the leaves of J-"" that intersect the boundaries 

{Gi < r} n {\p{y) - x\ =a\a\} 

{G+ < r} n {\y\ < \a\} 

are horizontal- like. In order to guarantee this we will need to choose appropriate a. 
We start by fixing preliminary a such that conditions fl4[ll) and fl4[2l) are satisfied. 
Notice that 0^ _ is well-defined in 

faiV^) = {\piy) ~x\> \a\a, \p{y) - x\ > \a\\y\} 

Therefore, the domain of definition of in W is 

fa{V.)nW = {\p{y)-x\ > \a\a}. 
Lemma 9.1. There exists a such for all a G Dr 

min{|0^ _(x,?/)| : {x,y) G W, \p{y) - x\ = a\a\} > 
max{\(f)l (x,y)\ : {x,y) G W, \p{y) - x\ = a\a\}. 
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Proof. (j)l_{x,y) = a(f)a,^{y, '^^^-^). 
(f)a-{x,y) ~ y as y — 7> oo, Therefore, 

mm{\(l)a,-{x,y)\ : \x\ < 9,\y\ = a} > max{\(l)a,-{x,y)\ : \x\<9,\y\ = a} 

for big enough a. Take 9 — max(p~^{D\x\+\a\a))- 



□ 



Corollary 9.1. For a point q &W H {\p{y) — x\ > \a\a} a connected component of a leaf Lg of 
the foliation , passing through a point q, stays outside of di\a\-neighborhood of Cp. 



Lemma 9.2. For all a e Dr, 



'--/"^^ zs a-close to 



d<t>l^_ldx 



-p'{y) in Q. 



Note 9.1. Note that , do not stay bounded inO, as a — >■ 0, but their ratio does. 

Proof. We chose a so that the function 0^ _ is well-defined in {G+ < r}n{|a|Q; < \p{y)—x\ < k} 
and that the leaves of we consider do not leave this neighborhood. 



T + U .1, . ■ .u- ■ 9<l>l_/dy . , , d<t>l_ldy 

Let us show that m this region ,„ is a-close to ^J' /a ■ 

° d4>'^ _/dx d(j>^ _/ax 



dx 



v\y)- 



dy 



p{y) - X 



dx 



{x,y) 



9 f , I p{y)-x. 



Let us do a change of coordinates {u, y, v) = {p{y) — a;, y, 



dy 

). First, we introduce the 



■u-coordinate that measures the distance to parabola. Then wc do a blow-up in each line 
y = const that blows-up a cone in u, a-coordinates, which corresponds to the compliment of 
\a\a neighborhood, to a polydisk in u,v coordinates. 













± *D 



Figure 7: The blow-up 

Denote by 4>~{u,y,v) — (f>uy-{p{y) — u,y). We show that a function ^-"^^^ lifts to a 
holomorphic function on the blown-up space {\y\ < a, \u\ < e, \v\ < ^}. 
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d(j)a-, P{y)-X d(f)uv,-. Is 

«->o ax V 

lim — = —p (y). 

"^0 902 /ax 

a^^'I/a! a-close to in Q n - x| > \a\a}. □ 

Let be a leaf of foliation that passes through a point q. 
CoroUciry 9.2. There exist k and S such that for all \a\ < 5 and all 

qe{G+ <r}n {\p{y) - x\ > \a\a} n {|y| > k} 
a connected component of Lg is horizontal-like. 

Proof. One takes k such that every leaf of that intersects \y\ = k is horizontal like. □ 

Corollary 9.3. There exists 6 so that for all \a\ < S and all {x,y) e fl the tangent plane to 
the foliation T~ is not horizontal. 

10 Description of T'^ . 

Definition 10.1. We say that a curve C in a domain B is horizontal-like iff there exists a 
family of fa-invariant horizontal cones in B, such that the tangent lines to C belong to this 
family. 

The function Gq (x, y) = Gp{x) is self-similar: 

GM^)) = '^Gj>{x). 

Recall that we chose r so that 




Figure 8: Level sets Gp — 
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The picture of the level sets of Gp inside {Gp < r} is self-similar. Inside each connected 
component of {Gp = ^} there are exactly two connected components {Gp = 2^}- 
There is exactly one critical level in each connected component 

r ^ r 




Figure 9: Level sets of Gp. 

In this section we show that the picture persists for the level sets of for small enough a 
on each horizontal-like curve in a box 

{G:<r}n{\y\</3}. 

We choose (3 = 2max{p{x)\ Gp{x) < r} to apply this construction to the leaves of T~ that 
intersect {\y\ = a} in {G+ < r}. 

Lemma 10.1. There exists S such that for \a\ < S {G+ = r}, {G^ = |} are non-critical on 
each horizontal-like curve inside \y\ < (3. Moreover, {G+ = r} has one connected component, 
{G+ = f } has two connected components. 

Proof. G^ is a function that depends analytically on a on U+ for all a G -D. Therefore, since the 
level sets {Gq = r} and {Gq = ^} on y = b are non-degenerate, they remain non-degenerate 
for small enough a. The same is true for the number of components. □ 

Lemma 10.2. There exists 6 so that for all \a\ < 5, there is exactly one critical level of G^ 
between | and r on each horizontal-like curve in \y\ < (3. The corresponding critical point is 
non- degenerate. 

Proof. Let G be a horizontal-like curve. Then the domain {G^ < r} inside G is parametrized 
by a planar domain. Therefore, the index of gradGg along the boundary of {| < Gq < r} is 
well-defined and is equal to one. The function G+ depends holomorphically on a. Thus, the 
index of gradG+ along the boundary of {| < G+ < r} is one as well for small a. Therefore, 
there is only one critical point inside and it is non-degenerate. □ 

Lemma 10.3. There exists S so that for all \a\ < S Tr = {G'^ = r} nW is a solid torus, 
{G^ = |} n consists of two solid tori 2^r/2'-^r% (^^^ ^^'^^ coordinate can be chosen to be 
real-analytic, the disk coordinate holomorphic) . 

Proof {G+ = r} = {(0a,+,i/), |0a,+ | = r, \y\ < a}. 

For {G^ = |} n the proof goes the same way. □ 
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Take any horizontal-like curve. We want to prove by induction that inside each compo- 
nent {G+ = ^} there are exactly two components {G^ = 25^+1)5 ^ind they are non-critical. 
Therefore, there is exactly one critical level in between, and the corresponding critical point is 
non-degenerate. 

Lemma 10.4. There exists 5 so that for all \a\ < 5, the level set {G^ = ^} on each horizontal- 
like curve in \y\ < P is non- critical. 

Proof. fa{{Ga ^ ^}) is horizontal-like, since it is an image of a horizontal-like curve and it 
belongs to the box with /^-invariant horizontal cones. 

fai^a = ^) ^ Tr and it projects one-to-one to x-axis. Therefore, it is non-critical. 

□ 

Lemma 10.5. For \a\ < 6 on each horizontal-like curve for every n there are exactly two level 
sets {G^ = grrpr} inside {G^ = ^} and they are non-critical. 

Proof. For every n, ({C^ < ^}) is a disk that projects one-to-one to x-axis with the bound- 
ary on Tr. It intersects ^ circle each. On the intersection {G+ = §}• This proves 
the lemma. □ 

Corollary 10.1. For \a\ < 6 on each horizontal-like curve there is only one critical level 
= r'}, where < r' < ^ for each connected component = 

The next lemma states that the foliation J-"^ is not only vertical-like (projects one-to-one 
to y-SLxis), but is uniformly close to vertical on some thickening of {G'^ = 

Lemma 10.6. Fix a small A. There exists 6 s.t. V|a| < 6 



< C\a\ 



on {^-^ < G^ < ^-^} with G independent on n. 

Proof. On {r — A < G^ < r + A} the inequality follows from the fact that ^ is a holomorphic 
function in a. 

The leaves of foliation 7^ 'm {0, < G^ < 0,} r\W are preimages under ^ of the 
leaves of in < G~^ < n W . Therefore, by induction we check that they belong to 
/"^-invariant vertical cones. □ 

11 Critical Locus in Q.. 

Recall that 

= {Gl < r} n {\y\ <a}n {\p{y) - x| > \a\a}. 

See Figure |3l We will omit the subscript a, when it is clear from the context which Henon 
mapping is under consideration. 
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In this section we subdivide f2a into countably many regions. Note that the level sets 
{G^ = ^} on each horizontal line y = \k\ < a depend continuously with respect to 
parameter a. Therefore, the partition of 




into connected components depends continuously on a. 

Therefore, it is enough to enumerate the connected components of VLq. We call the 
connected component of 

<Gt < — jnfio, 

which contains the critical line x = We call Q^" the connected component of ( IT6l) that is 
the continuation of fig"- 

yk 




= aa 




Lemma 11.1. Fix a small A. There exists 6 (independent on n) so that for all \a\ < 6 the 
critical locus in each connected component of 

{ <Gt < 1 n { y < a} 



is an annulus which is a graph of function y{ 



-'a,+) 



Proof. Fix 7 so that the set {Gq < t} fl {|?/| < 7} is disjoint from Cp. Then for all \a\ < 5' the 
set {G^ < t} n {|?/| < 7} is disjoint from Cp. 

The inverse function theorem implies that Vn 3(5„ s.t. \a\ < 5n the critical locus in < 
G^ < n {\y\ < 7} is an annulus on the component that is a perturbation oi y = 0. 
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Figure 11: The thickening of = 



Since in the region 

<Gt< ^} n {7 < \y\ < "} n My) -x\> a\a\} 

the fohation is a-close to J^q and by Lemma [10.61 J-"^ is almost vertical, for \a\ < 5" there 
are no points of the critical locus in this region. 
Take some n and fix some connected component 

{^<G:<^}n{M<7}. 

Let us show that the critical annuli in this connected component persists for all \a\ < 6". 
Ca is a analytic set in the region 

T — A 7* ~t~ A 

{ix,y,a)\ < G^{x,y) < \y\ < 7, \a\ < 6"} 

There are no zeroes of gradG" on the leaves of on curve \y\ = 7. Therefore, index of 
gradC" is constant. At a = it is equal to 1. Thus, the critical annulus in 

T — A 7* ~1~ A 

{{x,y,a)\ < GUx,y) < \y\ < 7, \a\ < 6"} 

persists. □ 




y\ = K 



Figure 12: The critical locus in {\a\a < \p{y) — a;|} fl {^;[+t < < ^} H {\y\ > k} 



Lemma 11.2. There exist k and 6 such that for all \a\ < 6 the critical locus in each connected 
component {\a\a < \p{y) — x\} fl {2^+1 < G'^ < ^} H {\y\ > k} is an annulus with two holes 
and is a graph of function y{(f)a,-)- 
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Proof. It follows from Corollary 19.21 



□ 



We review the notion of the Milnor number of a singularity that we will need for the proof 
of the next lemma. 

Let Zq be an isolated singular point of a holomorphic function / : C" — ?■ C. Let Bp be a 
disk of radius p around Zq. One can take p and e small enough, so that the non-singular level 
sets {f = e} n Bp have homotopy type of a bouquet of spheres of dimension (n — 1) ( [AGV87] . 
Section 2.1). 

Definition 11.1. The number of spheres in {/ = e} fl Bp is called the Milnor number of the 
singular point Zq. 

Lemma 11.3 ( |AGV87] . Section 2.1). The Milnor number of the singular point zq is equal to 
Ozo/ < /i, • • • , /n >; where O^o are functions regular in a neighborhood of Zq and < /i, ...,/„ > 
is the ideal in O^o, generated by the functions /i, . . . , /„. 

Lemma 11.4. For \a\ < 5 the critical locus in Via is a smooth curve. In it is a connected 
sum of two disks Di and D2 with two holes. The boundary of Di belongs to {\y\ = a}, and the 
holes of Di have boundaries on {\u\ = \a\a}. The boundary of D2 belongs to {G^ = ^} and 
the holes to {G^ = ^^1^}. 

The degenerate critical locus The nondegenerate critical locus 




Figure 13: The critical locus in 

Note 11.1. As a ^ 0, the curve degenerates to {x — C,n)y = 0. The holes of Di degenerate 
to points (0,^„+i), {0,^'^_^_i), where p{Cn+i) = Pi^'n+i) = ^n- The holes of D2 tend to circles 
{ix,0)\ Gpix) = ^}. 

Proof. Fix ^n- The critical locus in Q^" is a singular curve. It is a union of two intersecting 
lines y = and x = ^n- By Lemma 111.31 the Milnor number of this singularity is 1. The 
critical locus Ca is the zero level set of Wa{x,y). By Lemmas 111.11 111.21 there exists 6 so that 
the critical locus in for \a\ < 6 is transverse to the boundary. Thus, there is e so that the 
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level sets of Wa{x,y) = c, \c\ < e are transverse to the boundary of Q^" for all \a\ < 6. Let us 
consider {wa{x,y),a) : fi^ x — )■ C x Ds- By Ehresmann's Fibration Theorem the level sets 
of this function form a locally trivial fibration. Thus, they are homeomorphic one to the other. 
By Lemmas 111.11 and lll.2[ the critical locus intersects the boundary exactly as prescribed. 
Therefore, it is enough to show that the critical locus Ca^l" |a| < 5 is non-degenerate. 

Suppose there are critical level sets of the function Wa{x, y). Then the Milnor number of the 
corresponding singularity is 1. Therefore, the singularity is locally an intersection of two disks. 
It is easy to see that one of this curves should be a 'horizontal' curve, i.e. project one-to-one 
to y-axis. Its boundary belongs to {\y\ = a}. This curve necessarily intersects the 'vertical' 
curve on which the tangent line to J-"^ are horizontal. But then on the point of intersection the 
tangent line to the foliation is horizontal. That is impossible by Lemma 19.31 

Therefore, the critical locus in is noncritical for a ^ 0. The conclusion of the lemma 
follows. □ 

12 Extension of the critical locus up to |a|a-neighborhood 
of parabola. 

Lemma 12.1. There exists 6 so that for all \a\ < 6 the component of the critical locus, that 
is a perturbation of y = can be extended up to \a\a-neighborhood of parabola as a graph of 
function y{x). 

Proof. The domain of definition of 0^ _ is = {{x,y) \ \p{y)—x\ > \a\a, \p{y)—x\ > \a\\y\}. 
Therefore, in W the domain of definition of 0^ _ is {\p{y) — x\ > \a\a}. 
Denote u = p{y) — x. 

Consider new variables {u,y,v) = {u,y, ^). Denote by vr the projection 

Tc : {u,y,v) {u,y,uv). 

Notice that blows up a point m = on each line y = yo. 
Let us prove that one can extend the critical locus to 

S = {\u\ < (3, \y\ < e, \v\ < -}. 

a 

Note that (j)a^+ can be extended to 5* since it's a well-defined holomorphic function in tt^S). 
(j)l_{x,y) = uv(j)uv,-{y,l/v). 

By [LR] extends to be a holomorphic function to a neighborhood of ?/ = oo. 

Therefore (f)l_ extends to 5*. Moreover, notice that on blown-up lines = 0. 
The critical locus is given by the zeroes of the function 

d(f)a,+ A dcpl _ Ada 

w = ■ '■ . 

dx Ady A da 

Let 

d(f)uv,+ A d(f)l^ _ Adv 

W = ; ; '— . 

udu Ady A dv 
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Notice that w = w o w. 



d(j)uv.+ r f \ \ d(f)uv,- , In, 



{p{y) - u,y)p'{y) + —^{p{y) - u,y) j —^{y,-^ 

Note that = 1 + aH{x, -, a), where if is a holomorphic function in some neighborhood 
of (x, 0,0). ^ ^ 
hm„^o^^%^ = 



dy 



1 



w{0,y,v) = b'p{p{y))p'{y) 

Note that for all < ^ |?/| < a w{0, y,v) = only when y = and the zero is not multiple. 
Therefore, by Weierstrass theorem for v, y = g{u,v). □ 



13 Description of the critical locus. 



Fix some e. Denote 



^1 = {{x, y) e CP^I \y\ < e, \p{y) - x\ > \a\a, G+(a;, y) > r}. 




Figure 14: Domain Cli 



Lemma 13.1. There exists 6 such i/iai V|a| < 6 the critical locus Ca in Cli is a punctured disk, 
with a hole removed. The puncture is at the point (oo,0), the boundary of the hole belongs to 
{\p{y) -x\ = \a\a}. 



Proof. By Lemma [6?T] the degenerate critical locus Cq in f2i is ?/ = 0, with point x = c removed. 
By Lemma [7.31 it persists in some neighborhood of x = oo. By the inverse function theorem it 
can be extended as a graph of function y{x) to { (x, y) > r } excluding e-neighborhood 
of Cp. By Lemma [12. II it can be extended up to a|a|-neighborhood of Cp. □ 
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In the following 3 lemmas we show that every component of the critical locus intersects f2. 
It follows from Lemma [11.41 that it consists of one component. 

Lemma 13.2. Let Ca he a component of the critical locus Ca- Then there exists a point on dCa 
that belongs to U . 

Proof. Consider + G~). This function is pluriharmonic and strictly positive in f/+ fl . 
Therefore, inf {G'^ + G^) cannot be attained at the interior point. □ 

Lemma 13.3. There exists 6 such that for all \a\ < 6 (1 Q is a fundamental domain for 

Proof. |HUV95j There it is prove for Henon mappings that are perturbations of hyperbolic 
polynomials with connected Julia set. In the connected case the proof is the same. □ 

Lemma 13.4. Suppose \a\ < 6 and Ga is a component of the critical locus. Then there exists 
an iterate of f^{Ga) that intersects Q. 

Proof. Lemma [13.21 states that there exists z G (J^ U J~) fl (dGa)- Suppose z E J~ . Take a 
sequence of points Zn G Ga, Zn z. 

G~{zn) — )■ as n — )■ oo; G'^ is bounded. 

For every n there exists kn such that 1 < G^{f^^"{zn)) < 2. Then /c„ — )■ oo. 

Taking a subsequence one may assume f~^"{zn) z. z E J+\Ja. Since by Lemma [13.31 
f^{z) G Jq*" n f2, there exists an iterate of Ga that intersects fl. □ 

Below we will prove that fl (^flU Qi^ is a fundamental domain of the critical locus. 

The next lemma is a variation of the Classical Poincare's Polyhedron Theorem on the 
fundamental domain under the group action ( |M88j . IV. H). 

Lemma 13.5. Let G be a Riemann surface. Let f : G ^ G be an automorphism. Let D d G 
be an open domain. Suppose 

1. f:{D)nD = %; 

2. dD C G consists of countably many smooth curves 7,; 

3. 7j are being paired by the map f ; 

4. for any sequence {z^}, Zn G D, fai^n) does not have an accumulation point in S 
Then D is a fundamental domain of S for the map fa. 

Proof. Denote by 5* a Riemann surface obtained by gluing the images f"'{D) to D. The natural 
map i : S" — )■ C is injective by (1). Let us prove that it is proper. If it is not, then there exists a 
sequence of points z„ G 5" so that Zn — dS, i{zn) z E G. Take 2;^ G -D so that Zn = /'^"(^n)- 
If there are infinitely many same A;„'s. Then the sequence {z'^} has an accumulation point in 
D. That contradicts (2) and (3). 

Therefore, taking a subsequence one can assume {kn} increase. This contradicts (4). □ 
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Lemma 13.6. The images of {W\{\p{y) — x\ > a\a\})U{\y\ < e} under the map fa are disjoint. 
Proof. 1 . 

f:iW\{\piy) -x\< \a\a}) n [W\{\piy) - x\ < a\a\}] = 0. 

fa{W) fa{V+) C F+, therefore, {f:{W) nW) C {fa{W) nW) C {\p{y) - x\ < 

\a\a} 

2. 

f:iW)n{\y\<e}n{\x\>a} = 0; 

Let {x,y) G W. Suppose fa{x,y) G V+ and n is the smallest number such that this 
happens. Then \p{xn) — yn\ < \a\a. Thus, |?/„| > e. For points in \yn+i\ > \yn\- 

3. 

f:i{\y\ < e} n > a}) n {|y| < e} n {|x| > «} = 0. 

Suppose {x,y) G {\y\ < e}n{|a;| > a}. Since \y\ < e, fa{x,y) belongs to |a|e- neighborhood 
of parabola. Since {x,y) G l + , fa{x,y) G Vj^^. Therefore, \yi\ > e. \yn+i\ > IVnl > since 

{Xn, Vn) e V+. 

4. 

f:i{\y\<e}n{\x\>a})nw = ^. 

This is true, since {\y\ < e} fl > a} C V+, and /a(V"+) C V+. 

□ 

Lemma 13.7. There exists 6 such that for all \a\ < 6 the critical locus in Q U Qi forms a 
fundamental domain of Ca. 

Proof. Denote by = Cq fl U f^i^ Let us check that the conditions of the Lemma [13.51 are 

satisfied. Since U C {W\{\p{ii) — a;| < |a|Q;}) U {|?/| < e}. All the forward images of D are 
disjoint from it. Therefore, (1) is satisfied. 

The boundary of D in each Vt^J^ consists of vertical circles: \y\ = a and \p{y) — x\ = \a\a. 
The circles \p{y) - x\ = \a\a are parametrized by = Pi^k+i) = ^k), which 

stands for the approximate value of y on the circle. 

There is also one horizontal circle \p{y) — x| = \a\a on a perturbation of ?/ = 0. 

fa maps \y\ = a in f^l* to \p{y) — x\ = \a\a in ila^^''\ parametrized by 

fa maps \y\ = a on perturbation of x = to a horizontal circle \p{y) — x\ = \a\a. 

Therefore, boundary components of D are being paired by fa- And condition (2) and (3) 
of Lemma 113.51 are satisfied. 

Suppose there exists a sequence of 2;„ G -D so that f 'a{zn) — )■ dS, Zn ^ E C. 

If {zn} has an accumulation point z in D. Then f2{z) — )■ z* . Which is impossible, since 
f:{z) ^ oo in C\ 

If {zn} does not have an accumulation point z in D. Then Zn accumulate to z & J+. 
Therefore, fa"{z') z E Ja- That contradicts to z E C. 

So condition (4) is satisfied as well. Therefore, D is a fundamental domain of the critical 
locus Cn- □ 
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Proof of theorem \2.1[ To obtain a description in terms of truncated spheres we do a dynamical 
regluing. We fix some small e and cut the fundamental domain of Ca along the hypersurface 
\y\ = e. We call the connected component of the perturbation of y = main component. The 
rest of components we call handles: H^^ is a component in fi^^. 
The boundary of H^^^ consists of four circles: 

\y\ = a, \y\ = e and two connected components of \p{y) — x\ = \a\a, parametrized as 
previously by ^k+i, Ck+i^ where p{Ck+i) = PiCk+i) = 6- 

We glue H^i^ to the main component by the map Under this procedure the boundary 
\y\ = a of H^i^ is being glued to \p{y) — x\ = |a|a-boundary of -ffp(^j.), parametrized by C,k- By 
"generalized uniformization theorem", it can be straighten to be a sphere. 

The fundamental domain of the critical locus Ca, obtained after regluing, is a truncated 
sphere. 

The preimages of under the map p'^ are parametrized by fc-strings of and I's. 

Let ak be a fc-string that parametrizes C,k- K^. is the interior of \y\ = e obtained by cutting 
H^^ from the main component. Uai^ is the interior of fa{\y\ = e) on fl^{H^^). The rest of the 
boundary corresponds to = and G~ = 0. Therefore, it is parametrized by two Cantor 
sets S, Q. 

We show these are true Cantor sets by moduli counting. 

Lemma 13.8. Let Ui D U2 D ■ ■ ■ Un D ■ ■ ■ be a sequence of open domains, such that Ui\Ui-i 
is an annulus with moduli Mi > M. Then f]Ui is a point. 

Take a point cr G S. Let Mi be a modulus of the annulus {r — A < < r} on y = 0. Then 
Ml is a modulus of the annulus < — The main component project one-to-one 
to each of this annulus. There is a sequence of connected component < ^ ^} that 
bound a hole parametrized by a. Therefore, cr is a point. E is a Cantor set. 

Fix some small e. Let Mi be a modulus of the annulus {a — e < \y\ < a}. All handles H^^^ 
project one-to-one to this annulus. So by the same argument we get that is a Cantor set. □ 
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14 List of standard notations 

We provide a list of notations here as a reference. 





OBCLlOIl 


iVIticllllllg 


fa 


□ 


Henon mapping under consideration 


Oj 




Jacobian of Henon mapping under consideration 


p{x) 


UJ 


polynomial used in the definition of Henon mapping 




m 


set of points whose orbits under forward (backward) iteration 
of fa escape to infinity 




rn 


set of points whose orbits under forward (backward) iteration 
of fa remain bounded 


T+ T- 


rn 


boundaries of , 


Ja 


m 


Jt n J- 




pn 
LU 


pluriharmonic functions that measure the rate of escape to 
infinity under forward (backward) iterates of fa 


OL 


HI 
|4] 


parameter used in the definition of V^_, V— 


T/ T/ 


HI 
|4] 


Wx\ > tt, |x| > |?/|}, {\y\ > tt, \y\ > — regions which 
Qescilue tne laige scaie uenavioi oi tne nenon map 


VV 


HI 


IFI S tt, 12/1 S aj 


Dr 


m 


the disk of radius R in the parameter space, used to define 1 + 
and 


(Pa,+ -, (pa- 


HI 


llOlOIIlOipillC lUIlClilOIlb Xllcll) bcIIllCOIlJUgclIic QyildllllCb 111 K_ 

\~ r\ y L y I ^2 / ^ 


' -^k 


HI 


dUAlllcLl 1 UllL-LlUllo, UocU. LU oL U-U.^ (//^ _|_ cLllU. _ 


C{p) 


m 


the curve y = p(^), this is 


n 


[oj 


Vjrlccll lUllCLlUll lUl Lllc lllcip Jb r ^1 X ) 


6p 


m 


Bottcher coordinate for the map x p{x) 


77+ TT— 
*' a ' a 


rn 

LU 


fohations of ^ 


c 

'^a 


[Tl 


tbp pritippil lopim tbp ^pt of t^iriP"pnpips Viptwppn fnlii^tinrm 

and J-"" 


ip^ni Un) 


m 


(a;„,2/n) = /a(a;,2/) 


1^k,+ 


m 


the domain of definition of 0^ ^_ 




m 


the domain of definition of 0^ _ 


u 




^ = p(2/) ~ X, measures the distance from a point (x,?/) to 
C{p) 


^a 


m 


{Gt ^f}^ {\y\ < tt} n {\p{y) — x\ < a a }, the domain that 
does not intersect with its images under fa and f~^ 




m 


{(x,y)eCp2| |?/| < e, |x| > a} 
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